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Abstract. The gauge group is computed explicitly for a family of Eo-semigroups of type Ho 
arising from the boundary weight double construction introduced earlier by Jankowski. This 
family contains many Eo-semigroups which are not cocycle cocycle conjugate to any examples 
whose gauge groups have been computed earlier. Further results are obtained regarding the 
classification up to cocycle conjugacy and up to conjugacy for boundary weight doubles (<fi, v) 
in two separate cases: first in the case when <f> is unital, invertible and g-pure and v is any type 
II Powers weight, and secondly when ^ is a unital g-positive map whose range has dimension 
one and v{A) = (/, Af) for some function / such that (1 - e~ x ) 1/2 f(x) € L 2 (0,co). All 
Eo-semigroups in the former case are cocycle conjugate to the one arising simply from v, 
and any two Eo-semigroups in the latter case are cocycle conjugate if and only if they are 
conjugate. 



1. Introduction 

An Eo-semigroup is a weak-* continuous one-parameter semigroup of unital *-endomor- 
phisms of a von Neumann algebra M. Despite substantial progress in recent years, the classi- 
fication theory of Eo-semigroups up to cocycle conjugacy, which is the appropriate equivalence 
relation in this context, remains incomplete even in the case when M = B(H), the algebra of 
all bounded operators acting on a separable Hilbert space H. We recommend the monograph 
by Arveson |Arv03| as an excellent introduction to the theory of Eo-semigroups. 

In this paper we will only consider Eo-semigroups acting on B(H) with H separable. We 
will say that an Eo-semigroup is spatial if it has a unit, which is a strongly continuous one- 
parameter semigroup of intertwining isometries. An Eo-semigroup is called completely spatial 
or type I if it is generated by its units in an appropriate sense. A spatial Eo-semigroup which 
is not completely spatial is also called type II, and non-spatial Eo-semigroups are called type 
III. The type of an Eo-semigroup is a cocycle conjugacy invariant which turns out to be very 
coarse. In the spatial case, Powers |Pow88] suggested a finer invariant called the index, which 
counts the relative abundance of units. Arveson }Arv89] provided a different presentation 
of the index, proving that it was a well-defined cocycle conjugacy invariant with values in 
{0, 1,2,..., oo}. He also proved that it completely classifies the Eo-semigroups of type I. 

No similar classification is known for Eo-semigroups of either type II or type III. The exis- 
tence of such semigroups was established by Powers [Pow87, Pow99j, and it was later proved 
by Tsirelson |Tsi03] that there are uncountably many non-cocycle conjugate semigroups in 
both of those classes. Bhat-Srinivasan [BS05] have further analyzed the examples constructed 
by Tsirelson, leading to a better understanding of the resulting semigroups accomplished by 
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Izumi |Izu07t IIzu 09] and Izumi-Srinivasan [IS08J in their study of generalized CCR flows and 
their product systems. 

A cocycle conjugacy invariant for Eo-semigroups which has attracted attention recently is 
the gauge group. In the case of an Eo-semigroup of type l n for n > 1 (the subscript denotes 
the index), the gauge group was computed by Arveson }Arv89| : for K a Hilbert space with 
dimK = re, the gauge group turns out to be isomorphic as a Polish group to the semidirect 
product of the Heisenberg group % n (homeomorphic to M x K as a topological space) by the 
unitary group U(K). In the case when re = 0, the gauge group is R. Further progress was 
made with the introduction of new techniques. Powers [Pow03b] introduced a construction 
for all spatial Eo-semigroups by applying Bhat's dilation theorem [Bha96j to a particular kind 
of semigroup of completely positive maps called CP-flows. Furthermore, Powers proved that 
his construction ultimately depends on the choice of a single map, called a boundary weight 
map. The boundary weight map is an adaptation of the resolvent approach for semigroups 
to the context of CP-flows. Alevras, Powers and Price APP06] used the CP-flow approach 
to describe the gauge group of a large class of Eo-semigroups of type Ho, namely all such 
semigroups arising from boundary weight maps over C. Their description is given with respect 
to some parameters, however, which are frequently hard to compute. 

Further work has been done in the study of transitivity properties of the action of the 
gauge group on the set of units of a spatial Eo-semigroup. Transitivity is automatic for Eo- 
semigroups of type Ho, and both transitivity and 2-fold transitivity (transitivity on the set 
of pairs of normalized units with fixed covariance) hold for semigroups of type I. Markiewicz 
and Powers [MP09J constructed an example of type Hi for which the action need not be 
2-fold transitive. Concurrently and independently, Tsirelson [Tsi04] constructed an example 
for which the action need not even be transitive. 

In this work we study in detail Eo-semigroups of type Ho obtained from the boundary weight 
double construction introduced by Jankowski [JanlObj . We obtain three different categories of 
results regarding the classification of such Eo-semigroups, including the complete and explicit 
description of the gauge group of a specific subfamily of semigroups whose elements are not 
cocycle conjugate to any of the Eo-semigroups studied by Alevras, Powers and Price APP06]. 

We now describe the structure and results of the paper. In Section 2, we present the 
CP-flows approach of Powers and its application to the construction of Eo-semigroups from 
boundary weight doubles. A boundary weight double is a pair (<p, v\ where <p : M n (C) — >• 
M n (C) is a (/-positive map and v is a Powers weight (see Section [2.31 for precise definitions). 
It was proven in [JanlOb] that if (p is unital and v is a type II Powers weight, then (</>, v) 
induces an Eo-semigroup of type IL> 

We proceed in Section 3 to discuss a set of results that are frequently needed in the com- 
parison theory of CP-flows and in the remainder of the paper. Particular cases of these results 
have been used earlier in applications of the CP-flows approach of Powers. 

In Section 4, we prove that if 4> is unital, invertible and g-pure, and if v is a type II Powers 
weight, then the Eo-semigroup induced by (eft, v) is cocycle conjugate to the Eo-semigroup 
induced by v in the sense of |Pow03a| . Under additional restrictive assumptions on this 
result was obtained by Jankowski |Janl0b| . 

We then turn in Section 5 to the classification of Eo-semigroups arising from boundary 
weight doubles (<p, v) and (eft' , v) in the case when (j) and (j)' have range rank one, i.e. (j)(A) = 
p{A)I for some state p, and in addition v(B) = (f,Bf) for some function / such that (1 — 
e~ x ) 1 l 2 f{x) € L 2 (0, oo). We prove that (4>,v) and ((f)' , v) give rise to Eo-semigroups which 
are cocycle conjugate if and only if, in fact, they are conjugate. This is accomplished as an 
application of a general result regarding the unitary equivalence of boundary weight maps 
and their corresponding CP-flows. 
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Finally, in the last section of the paper, we compute the gauge group of the Eo-semigroups 
considered in Section 5. Namely, if <fi(A) = p(A)I for some state p of M n (C) and v(B) = 
(f,Bf) for some function / such that (1 — e~ x )^ 2 f(x) G L 2 (0, oo), then we prove that the 
gauge group of the Eo-semigroup arising from ((f), v) is isomorphic to M x R x (U p /T), where 
Up = {W G U(n) : p(W AW*) = p(A),VA G M n (C)} and T = {zl £ U{n) : z G C, \z\ = 1}. 

The authors thank Robert Powers for his helpful observations and comments during the 
preparation of this article. 

2. Preliminaries 
2.1. Eo-semigroups and CP-flows. 

Definition 2.1. Let H be a separable Hilbert space. We say a family a = {ctt}t>o of normal 
completely positive contractions of B(H) into itself is a CP-semigroup acting on B(H) if: 

(i) a s o at = a s+ t for all s, t > and ao(A) = A for all A G B(H); 

(ii) For each f,g&H and A G B(H), the inner product (/, att(A)g) is continuous in t; 

If oct{I) = I for all t > 0, then a is called a unital CP-semigroup. When a is a unital 
CP-semigroup and in addition the map at is an endomorphism for every t > 0, then a is 
called an Eo-semigroup. 

We have two notions of equivalence for 2?o- sem ig rou P s: 

Definition 2.2. An So-semigroup a acting on B(Hi) is conjugate to an Eo-semigroup j3 
acting on B(H2) if there exists a *-isomorphism 6 from B(H\) onto B(H2) such that 6 oat = 
f3 t o6 for all i > 0. 

A strongly continuous family of contractions W = {Wt}t>o acting on H2 is called a con- 
tractive /3-cocycle if Wtf3t(W s ) = Wt+ S for all t, s > 0. A contractive /3-cocycle Wi is said to 
be a /ocaZ cocycle if for all ^ G B(H 2 ) and i > 0, W t j3 t (A) = f5 t (A)W t . 

We say a and /3 are cocycle conjugate if there exists a unitary /3-cocycle {Wt}t>o such that 
the Eo-semigroup acting on B(H 2 ) given by f3' t (A) = W t fk(A)W* for all A G B(H 2 ) and t > 
is conjugate to a. 

The set of all local unitary /3-cocycles forms a multiplicative group with respect to the 
pointwise operation (W ■ W')t = WtW[. This is called the gauge group of /3 which we denote 
byG(P). 

Let -ftT be a separable Hilbert space. We will always denote by {St}t>o the right shift 
semigroup on K<S>L 2 (0, 00) (which we identify with the space of K- valued measurable functions 
on (0,oo) which are square integrable): 

'f(x-t), x>t; 
0, x <t. 



(Stf)(x) 



Definition 2.3. A CP-semigroup a acting on B(K <g> L 2 (0,oo)) is called a CP-flow over K 
if a t {A)S t = S t A for all A G B(K ® L 2 (0, 00)) and t > 0. 

When a is both a CP-flow and an Eo-semigroup, a contractive a-cocycle {Wt : t > 0} is 
called a flow cocycle if WtSt = St for all t > 0. We denote by Gfi ow (a) the subgroup of G(ct) 
consisting of all local unitary flow a-cocycles. 

We remark that, as a consequence of Theorem 4.61 of |Pow03b] (see also the discussion 
preceding Theorem 1.31 in [APP06]), if a is an Eo-semigroup of type ILj which is also a 
CP-flow, then 

G{a) = {e irt C t : r G E, C G G /faw (a)}. 

Furthermore, the map (r, C) 1— > (e irt Ct)t>o denotes a canonical isomorphism from the direct 
product R x Gfi ow (a) onto G(a). 
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A dilation of a unital CP-semigroup a acting on B(K) is a pair {a d ,W), where a d is an 
E -semigroup acting on B(H) and W : K — > H is an isometry such that a d (WW*) > WW* 
for t > and furthermore 

a t (A) = W*af(WAW*)W 
for all A E B(K) and t > 0. The dilation is said to be minimal if the span of the vectors 

a d tl {WA l W*)a d t2 {WA 2 W*) ■ ■ ■ a d n (WA n W*)W f 

for / E K,A{ E B(K),i = 1, . . . n, n E N is dense in H. This definition of minimality is due 
to Arveson (see [Arv03| for a detailed discussion regarding dilations of CP-semigroups). We 
will often suppress the isometry W, and refer to a minimal dilation a d instead of (a d , W). 

Theorem 2.4 (Bhat's dilation theorem). Every unital CP-semigroup has a minimal dilation 
which is unique up to conjugacy. 



The following addendum by Powers (Lemma 4.50 of [Pow03bJ) further clarifies the situation 
for CP-flows. 

Theorem 2.5. Every unital CP- flow a has a minimal dilation a d which is also a CP- flow. 
We call a d the minimal flow dilation of the unital CP-flow. 

Given two CP-flows a and j3 over K, we will say that a dominates (3 or that j3 is a 
subordinate of a if for all t > 0, the map at — fit is completely positive. We will often denote 
this relationship by a > j3. Powers [Pow03b] has described a useful criterion for determining 
whether two CP-flows have minimal dilations that are cocycle conjugate in terms of the next 
definition. 

Definition 2.6. Let a and f3 be CP-flows over K\ and K 2 , respectively. For j = 1,2, let 
Hj = Kj Cg)L 2 (0, oo) and let denote the right shift on Hj. Let 7 = '■ t > 0} be a family 
of maps from B(H2, Hi) into itself and define for each t > 0, 7 t * : B{H\, H2) — > B{H\, H2) by 
7*(C) = [7t(C*)]* for all C E B{H\,H2). We say that 7 is a flow corner from a to (3 if the 
maps 

'at(A) lt {B) 
lt{C) Pt(D) 



'A 


B~ 




C 


D 





define a CP-flow 9 = {@ t ■ t > 0} over K\ © K 2 with respect to the shift s\ l) © . Note 
that 7 is a flow corner from a to j3 if and only if 7* is a flow corner from /3 to a. 

A flow corner 7 is called a hyper-maximal flow corner if every subordinate CP-flow 0' of 
of the form 

, \A B] \a' t {A) lt (B)- 
U *[C D\ [ 7 *(C) /3' t (D)_ 

for t > must satisfy = at and ^ = /?t for all t > 0. 

More generally, if a is a CP-flow over X and n is a positive integer, we say that is a 
positive n x n matrix of flow corners from a to a if 

that 6^ is a subordinate of a for all i = 1, . . . , n. 



j(2) 



is a CP-flow over ©? =1 ^ such 



We also have a notion of n x n matrices of local flow cocycles (Definition 4.58 of [Pow03b]): 

Definition 2.7. Suppose a is a CP-flow which is also an E'o-semigroup, and let n E N. We 
say C is a positive n x n matrix of local flow a-cocycles if the coefficients C,j of C are local 
flow a d cocycles for i,j = 1, ... ,71 and the matrix C(i) whose entries are Cij(t) is positive for 
all f > 0. 



The following is a combination of Theorems 4.56 and 4.59 in }Pow03b] . 
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Theorem 2.8. Suppose a and (3 are unital CP-flows over K\ and K2, respectively, and let a d 
and (3 d be corresponding minimal flow dilations. If there exists a hyper-maximal flow corner 
from a to (3, then a d and (3 d are cocycle conjugate. Conversely, if a d and (3 d are cocycle 
conjugate and in addition a d is of type IIq, then there exists a hyper-maximal flow corner 
from a to f3. 

Furthermore, let (a d , W) be a minimal flow dilation over H , so that 

at (A) = W*a d {WAW*)W 

for A G B(K\ ® L 2 (0,oo)) and t > 0. Suppose n is a positive integer and suppose that 
= is a positive n x n matrix of flow corners from a to a. Then there exists a unique 

positive n x n matrix C = (C^) of contractive local flow a d -cocycles such that 

(2.1) 0f j) (A) = W*Cij(t)a$(WAW*)W 

for all A G B{K\ <S> L 2 (0,oo)). Conversely, if C = (Cy) is a positive n x n matrix of 
contractive local flow a d -cocycles, then the matrix family Qt whose coefficients are given by 
(I2.ip is a positive n x n matrix of flow corners from a to a. 

Theorem 4.60 of |Pow03b| tells us when a given flow corner from a to a corresponds to 
unitary local a rf -cocycle: 

Theorem 2.9. Suppose a is a unital CP-flow over K and let a d be a minimal flow dilation. 
Suppose 9 is a flow corner from a to a and C is the local contractive flow cocycle for a d 
associated with 8. Then C(t) is unitary for all t > if and only if 9 is hyper-maximal. 

2.2. Boundary weight maps. For the remainder of this section, let K be a fixed separable 
Hilbert space (not necessarily infinite-dimensional) and let H = K <£> L 2 (0, 00). 
Define A : B{K) -> B(H) by 

(A(A)f)(x) = e- x Af(x) 

and let ^(H) be the algebra 

21(F) = [/ - k{I K )]lB{H)[I - K{I K )]\. 
We will frequently denote by A S B(L 2 (0, 00)) the operator A(Jc). 

Definition 2.10. We say that a linear functional [i : %l(H) — > C is a boundary weight, denoted 
/i € 2l(-ff)*, if the functional £ defined on B(H) by 

1(A) = fi([I - A(I K )]^A[I - A(ijc)]*) 

is a normal bounded linear functional. The boundary weight /i is called bounded if there exists 
C > such that |^(T)| < C||T|| for all T G 2l(-ff). Otherwise, jx is called unbounded. 
A linear from B(K)* to 2l(ii% will be called a boundary weight map. 

Boundary weights were first defined in |Pow03b] (Definition 4.16), where their relationship 
to CP-flows was explored in depth. For an additional discussion of boundary weights and 
their properties, we refer the reader to Definition 1.10 of [MP09J and its subsequent remarks. 

Given a normal map 4> ■ B(H) — > B{K), we will denote by <j) : B(K)* — > B(H)* the predual 
map satisfying p{4>{A)) = (4>(p))(A) for all A G B(H) and p G B(K)*. 

Define V : B(H) — s- B(H) by the weak* integral 

POD 

(2.2) r(A) = / e^StAS^dt. 

Jo 

We record in the following proposition facts which are implicit in the proof of Theorem 4.17 
in Powers [Pow03b] , and we present a proof here for the convenience of the reader. 
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Proposition 2.11. Let fi G 2l(-ff% be a boundary weight. We have that for all T G $l(H), 

H(T)= lim u(S x S* x TS x S*). 

x^0+ 

In particular fi = fx' if and only if for all x > and T G S X S*B(H)S X S*, we have that 
n(T) = fi'(T). Furthermore, given x > and T G S X S*B(H)S X S*, 

(2.3) fj,(T) = lim — f Ox) (r - e*-yS y - x TS* y _ x 

y^x+ y — X \ y 

Proof Let \x G 2l(ii% be a boundary weight and let t G B(H)* be the normal bounded linear 
functional such that for all Z G B(H), 

/i((J - A(Ik)) 1/2 Z(I - A(I K )) 1/2 ) = i(Z). 

Given any T G 2t(iJ), let Z G be such that T = (I - A(I K )) l l 2 Z(I - A(I K )) l l 2 . Now 

observe that 

n(T)=t{Z)= lim l{S at S*ZS a S$ = lim /xf(/ — A{I K )) l l 2 S x S*ZS x S*(I — A(I K ))^ 2 

= lim / u(5 :c ^(I-A(lK)) 1/2 Z(I-A(lK)) 1/2 ^5 a * 
= lim n(S x S*TS x S*). 

x—>-0+ 

It follows immediately from this identity that two boundary weights /i, [j! are identical if and 
only if for every x > they coincide on the algebra S X S*B(H)S X S*. 

Let ^4 G B(H) and x > 0. Observe that if (A\) is a bounded net of operators in S X B(H)S* 
such that Ax converges ultra-weakly to S X AS*, then lim\ fi(A\) = fi(S x AS*) (note that 
S X B(H)S* C 2t(i?)). Indeed, Q a . = (I — A^))" 1 / 2 ^* is a bounded operator in B(H) 
in the natural sense, hence the net Q X A\Q* X is bounded and also converges ultra-weakly to 
Q X S X AS*Q* X . Therefore, 

(2.4) KS X AS* X ) = £(Q X S X AS X Q X ) = \im£(Q x A x Q x ) = hWA A ). 

A A 

Let x > be fixed. A straightforward computation shows that for every A E B(H), y > x, 

py 

T( e~ x S r ASZ - e- y Si,ASZ ) = I e^SfASTdt. 



The operator on the right obviously belongs to S X B{H)S* for y > x. Furthermore, It is clear 
that 

1 l' y t 

-t ( 



A v = / e^StASUt 

y-x J x 

is a bounded net of operators that converges ultra-weakly to e~ x S x AS* as y — > x. Thus for 
any boundary weight fi, it follows from (|2,4p that 



//(e^^AS*) = lim n ( — !— [" e^S t AS* t dt 
y -+ x+ y y - x j x 



= i im _L_r{n)(e- x S x AS*-e- y S y AS*). 

Finally, we observe that for every T G S X S*B(H)S X S*, we have that T = S X AS* for the 
operator A = S*TS X , hence we obtain equation (|2.3f) by substitution. □ 

If q is a CP-flow over K, we define its resolvent by the weak* integral 

poo 

(2.5) R a (A) = / e _ *at(A)dt 
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defined for A G B(H). Powers |Pow03b ] proved that there exists a completely positive 
boundary weight map u : B(K)* — > 21(H)* such that 

(2.6) R a ( V ) = T(uj(Ar l ) + r l ) 

and uj(p)(I — A(Ik)) < p(Ik) for all p G B(K)* positive. Such a boundary weight map 
is uniquely determined by (|2.6p in combination with Proposition 12.111 and in fact for all 
p G B(K)*, x > and T G S X S*B(H)S X S*, 

(2.7) uj( P )(T) = lim — (£ a - f)(r?)(T - S^TS*^) , 

where r\ G B(H)* is any normal functional such that p = A(r/). Such a functional exists since 
A is isometric hence A is onto. 

The map uj is called the boundary weight map associated to a. 

The following result, which is a compilation of Theorems 4.17, 4.23, and 4.27 of [Pow 03b] . 
describes the converse relationship between boundary weight maps and CP-flows. 

Theorem 2.12. Let uj : B(K)* — > 21(H)* be a completely positive map satisfying uj(p)(I — 
A(Ir)) < p(Ik) for all positive p. Let {St}t>o be the right shift semigroup acting on H. For 
each t > 0, define the truncated boundary weight map ut '■ B(K)* — > B(H)* by 

u t {p)(A)=u{p)(S t StAS t St) 

If for every t > 0, the map (I + Aujf) is invertible and furthermore the map 

TT t ■= UJtil + AuJtT 1 

is a completely positive contraction from B(K)* into B(H)*, then uj is the boundary weight 
map associated to a CP-flow over K. The CP-flow is unital if and only if uj(p)(I — A(Ik)) = 
p(I K ) for all p G B(K)*. 

We note that it follows immediately from Proposition 12.111 that if uj,uj' are two boundary 
weight maps from B(K)* to 01(H)*, then uj = uj' if and only if ujt = uj[ for all t > 0. 

Definition 2.13. Let uj : B(K)* — > 01(H)* be a completely positive boundary weight map 
satisfying uj(p)(I — A(Ik)) < p(Ik) for ah positive p. If for every t > the map TTt as 
defined in the statement of Theorem 12.121 exists and it is a completely positive contraction, 
then uj is called a q-positive boundary weight map. In that case, the family Tit (for t > 0) 
of completely positive normal contractions from B(H) to B(K) is called the generalized 
boundary representation associated to u, or alternatively to the CP-flow associated to uj. 

In the next result proven by Powers [Pow03b] we recall the criterion for subordination in 
terms of the generalized boundary representation. 

Theorem 2.14. Let a and a' be CP-flows acting on B(H) with generalized boundary repre- 
sentations Tit and Tx't, respectively. Then a > a' if and only if nt — n't * s completely positive 
for all t > 0. In particular, if TTt = n't f or a ^ i > 0, then a = a' . 

2.3. Powers weights and boundary weight doubles. A boundary weight map uj : B(C)* — > 
2l(L 2 (0, oo)) is determined by its value uj\ := uj(1), and it induces a CP-flow a over C if and 
only uj\ is a positive boundary weight and uo\(I — A) < 1. In that case, the CP-flow a is unital 
if and only if uj\(I — A) = 1, and therefore dilates to an E^-semigroup ct d . 

Since all the key properties of uj are determined by the single boundary weight uj\ in the 
special case K = C, we will write uj instead of uj\. 

Results from [P ow03b j show that a d is of type I if uj\ is bounded and of type ILj if uj\ is 
unbounded. Thus we are led to the following definition. 
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Definition 2.15. A boundary weight v € 2l(L 2 (0, oo))* is called a Powers weight if v is 
positive and v(I — A) = 1. We say that a Powers weight v is type I if it is bounded and type 
II if it is unbounded. 

If v is a Powers weight, then it has the form: 



v((I-k)\A{I-K^)=Y J {hAh 



for some mutually orthogonal nonzero L 2 -functions {/i}f =1 (k € NU{oo}) with Yli=i \ \fi\\ 2 = 
1. 

We note that if v is a type II Powers weight, then for the weights v t defined by Vt(A) = 
v{StSl AStSf) for A € -B(L 2 (0,oo)) and t > 0, both Ut(I) and z^(A) approach infinity as 
t -> 0+. 

Powers |Pow03 a] has described a useful criterion to determine when Powers weights induce 
cocycle conjugate E -semigroups. 

Definition 2.16. Let u, rj G 2l(L 2 (0, oo))* be positive boundary weights. We say that v 
q-dominates 7] (or that r] is q- subordinate to v), and write v > q rj, if 

v_t Vt 

l + u t (A) l + r] t (A) 

is a positive element of B(L 2 (0, oo))* for every i > 0. 

Suppose that v and 77 are Powers weights. We say that 7 € 2t(L 2 (0, 00))* is a comer from 
1/ to ?? if the map from M 2 (2l(L 2 (0, 00))) to M 2 (C) given by 

v(A u ) 7(^12) 

v 7*(^2l) T/(A 22 ), 

is completely positive. We say that 7 is a q-corner from v to 77 if for every t > the map 
from M 2 (2l(L 2 (0,oo))) to M 2 (C) given by 

/ vt(A n ) j t (Ai 2 ) \ 
l + u t (A) l + 7 t(A) 
7|(^2i) ^(^22) 



(Aij) ^ 



(A 



1 )■ 



\l + 7t(A) l + r? t (A)/ 

is completely positive. 

A ^-corner 7 is a hyper-maximal q-corner from v to 77 if, whenever z/ and 77' are q- 
subordinates of v and rj such that the map 

/ "'Mil) 7t(A 12 ) \ 



It 1^21; 

l + V ' t (A)J 

is completely positive for each t > 0, we have rj = rj 1 and f 



1 + i4(A) 
Vl + 7t *(A) 



1 + 7* (A) 
^(^22) 



If v and 77 are type II Powers weights which induce CP-flows a. and /3, respectively, then 
there is a bijective correspondence between hyper-maximal g-corners from v to 77 and hyper- 
maximal flow corners from a to /3 (see the discussion preceding Theorem 1.30 of [APP06J), 
whereby Theorem 12.81 implies the following. 



Theorem 2.17. Let v and r] be type II Powers weights with corresponding CP-flows a and 
(3, respectively. Then a d and (3 d are cocycle conjugate if and only if there is a hyper-maximal 
q-corner from v to r\. 
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The following theorem describes the set of (/-corners from a type II Powers weight v to itself 
(see Definition 2.12 (b) of [APP06] and its subsequent discussion): 

Theorem 2.18. Let v be a type II Powers weight, and let T be the trace density operator 
associated to u in the sense that 

vUl - A)* A(I - A)*) = tr(AT) 

for all A G B(L 2 (0, oo)). Let DJl be the closure of the range of T. For every contraction 
X G B(jM), let k(X) G [0, oo] be given by 

k(X) = sup{Re(tr(A(/ - A^StSfT^I - X)T*)) : t > 0} 
Then for every X G B(9JV) such that k(X) < oo and x G C such that Re(x) > k(X), the map 

1{ X ,X) ({I ~ A)3A(/ - A)l) = -l-tr(ATlxrl) 

constitutes a q- corner from v to v. Conversely, if '7 is a q- corner from v to v, there exists a 
unique pair (x, X) such that X G B(Wt) satisfies k(X) < 00 and x G C satisfies Re(x) > k{X) 
such that 7 = J(x,X) ■ 

Furthermore, a q-corner Jf x ,X) * s hyper-maximal if and only if ~Re(x) = k{X) and X is 
unitary. 

Remark 2.19. Setting X = Iyn, we observe that n(I<xn) = 0, so if Re(rc) > 0, then the pair 
(x, igjj) satisfies the conditions of the theorem. In other words, if Re(a;) > 0, then is a 

g-corner from v to v, and it is hyper-maximal if and only if Re(x) = 0. 

We will be interested in combining Powers weights with the completely positive maps on 
matrices of the following type to obtain E'o-semigroups. 

Definition 2.20. Let K be a separable Hilbert space. Let <p '■ B(K) — > B(K) be a bounded 
normal linear map with spectrum contained in C \ {A : A < 0}. We say (ft is q-positive, and 
write 4> 0) if <P{I + is completely positive for all t > 0. 

We make two observations in light of Definition 12.201 First, it is not uncommon for a 
completely positive map to have negative eigenvalues. Second, there is no "slowest rate 
of failure" for g-positivity: For every s > 0, there exists a linear map eft with no negative 
eigenvalues such that 4>(I + t4>)~ 1 (t > 0) is completely positive if and only if t < s. These 
observations are discussed in detail in section 2.1 of |Janl0c| . 

There is a natural order structure for (/-positive maps. If <f>, : B{K) — > B(K) are q- 
positive, we say cj> q-dominates ip (i.e. <f> > q ifi) if <p(I + tcp)^ 1 — ip(I + tip)' 1 is completely 
positive for all t > 0. It is not always true that 4> > q \(f> if A G (0, 1) (for a large family of 
counterexamples, see Theorem 12.281 below). However, if is g-positive, then for every s > 0, 
we have (f> > q <j){I + scf))' 1 > q (Proposition 4.1 of [JanlOb]). If these are the only nonzero 
(/-subordinates of 4>, we say <f> is q-pure. 

In this paper we will restrict our attention to unital g-positive maps over B{K) for K 
finite-dimensional, and we will approach the case dim if = 00 in the future. 

We have the following result which combines Proposition 3.2 and Corollary 3.3 of [JanlOb] . 

Proposition 2.21. Let H = C n ® L 2 (0,oo). Let cp : M n (C) -4 M n (C) be a unital q-positive 
map, and let v be a type II Powers weight. Let Vt u : %l(H) — > M n (C) be the map that 
sends A = (Aij) G M„(2l(L 2 (0, 00))) ^ 2l(iT) to the matrix (u(Aij)) G M„(C). The map 
uj : M n (C)* -)• 2l(fT)* defined by 

u(p)(A) = p(<f>(n v (A))), VA G 2l(iI),Vp G B{K)* 
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is the boundary weight map of a unital CP-flow a over C n whose minimal flow dilation a is 
an Eo-semigroup of type IIq. Furthermore, the generalized boundary representation nt for a 
satisfies 

n t {B) = 4 ) {I + v t {k)4>)- l {Sl Vt {B)) 

for allt>0 and B G B(H). 

In the above proposition, we used the canonical identification B(H) ~ M n (B(L 2 (0, oo))). 
Under this identification, the map A(i<e n ) (i.e. Ib(C") ® A(J<c)) given by multiplication by 
e m (L (&> L 2 (0 ,00) can be simply denoted by the diagonal matrix in M n (i?(L 2 (0, 00))) 
whose ii entry is A = A(Jc) for each i = 1, . . . ,n. Thus one sees that 2l(C n (g) L 2 (0, 00)) 
is also canonically isomorphic to M n (2l(L 2 (0, 00))). We note that in tensor notation, the 
map £l u defined in Proposition 12.211 is the map I B(( >) <g> v from M n (C) © 2t(L 2 (0,oo)) = 
2l(C n ® L 2 (0, 00)) to M n (C). 

Definition 2.22. A boundary weight double is a pair ((f), v) where <f> : M n (C) — > M n (C) is a 
unital g-positive map and v is a Powers weight. In the notation of the previous proposition, 
we call a d the .Eo-semigroup induced by the boundary weight double (cp, v). 

Motivated by the results and terminology of [Pow03b] and [Pow03a], we define corners, 
q-corners, and hyper-maximal g-corners in an analogous context (Definitions 3.4 and 4.4 of 
[JanlObQ : 

Definition 2.23. Suppose <p '■ B{K\) — > B(K\) and tp : -B(-fT 2 ) — > B(K2) are normal com- 
pletely positive maps. Write each A G B(K\ © K2) as A = (Ay), where Aij G B(Kj, Ki) for 
each i,j = 1,2. We say a linear map 7 : B(K2,K\) — > B(K2,K\) is a corner from a to ^ if 
B : 5(A:i © K 2 ) -> B(Ki © K 2 ) defined by 

/ An Ai 2 A / 0(A U ) 7 (A 12 ) \ 
V ^21 A 22 J V 7*(4ji) ^(A 22 ) J 

is normal and completely positive. 

We say that 7 is a q-corner from (/> to ?/> if G > g 0. A g-corner 7 is hyper-maximal if, 
whenever 

^(7* J')" 90 ' 

we have <p = cp 1 and ip = tp'. 

Hyper-maximal g-corners between unital g-positive maps (p and tp allow us to compare the 
i^o-semigroups induced by (0, v) and (tp, v) if v is a particular kind of type II Powers weight 
(Proposition 4.6 of [JanlOb] ). 

Proposition 2.24. Let cp : M n (C) -> M n (C) and tp : M k (C) ->■ M fc (C) be unital q-positive 
maps, and let v be a type II Powers weight of the form 

u((I - A)*B(I - A)*) = (f,Bf) 

where f G L 2 (0,oo) is a unit vector. The boundary weight doubles ((p,v) and (tp,v) induce 
cocycle conjugate Eq- semigroups if and only if there is a hyper-maximal q-corner from (p to 
ip. 

If <p : M n (C) — > M n (C) is a unital g-positive map and U G M n (C) is any unitary ma- 
trix, then the map (pu(A) := U*(p(UAU*)U is also unital and g-positive (Proposition 4.5 of 
[Janl Ob]). We have the following definition from [Jan lOc], 

Definition 2.25. Let (p,tp : M n (C) — > M n (C) be (/-positive maps. We say <p is conjugate to 
tp if ip = (pjj for some unitary U G M n (C). 



GAUGE GROUPS OF £ -SEMIGROUPS OBTAINED FROM POWERS WEIGHTS 11 

If <p ■ M n (C) — > M n (C) is unital and g-positive, then the map 7 : M„(C) — > M n (C) defined 
by 7(A) = 4>{AU*)U is a hyper-maximal (/-corner from <f> to (pu (f° r details, see the discussion 
before Proposition 2.11 of [JanlOcp . Applying Proposition 12.241 gives us: 

Proposition 2.26. Let <p : M n (C) —> M n (C) be unital and q-positive, and suppose ip is 
conjugate to <p. If v is a type II Powers weight of the form 

A)ifl(J-A)i) =(f,Bf), 

then ((p,u) and (ip,v) induce cocycle conjugate Eq- semigroups. 

We will generalize Proposition 12 . 26l substantiallv in Section 3, finding that if v is an arbitrary 
type II Powers weight and <f> and ip are conjugate unital (/-positive maps, then (<p, v) and (ip, v) 
induce conjugate -Bo-semigroups (Theorem 15.21 and Corollary I5.3|) . 

Several cocycle conjugacy results for £^o- sem ig rou P s have been obtained through the use of 
Proposition 12.241 For example, we have the following (see Proposition 3.3 and Theorem 3.8 
of [JanlOaj ). 

Theorem 2.27. A unital rank one linear map (p : M n (C) — > M n (C) is q-positive if and only 
if <p(A) = p{A)I where p is a state, and (p is q-pure if and only if in addition p is faithful. 

Let 4> ■ M n (C) — > M n (C) and tp : M n /(C) — > M n i(C) be rank one unital q-positive maps, 
and let v be a type II Powers weight of the form 

^((J-A^flCJ-A)*) =(/,£/). 

Then the E^-semigroups induced by ((f), u) and (ip^v) are cocycle conjugate if and only if (p 
and ip are conjugate. 

Furthermore, if the support projection P of p satisfies rankP > 1 and p, is any Powers 
weight, then the E^-semigroups induced by (<p,v) and p are not cocycle conjugate. 

Theorem 12.271 shows that rank one g-positive maps are extremely fruitful in constructing 
non-cocycle conjugate £"o-semigroups using boundary weight doubles. In section 3, we will 
extend Theorem 12.271 to a conjugacy result (Theorem 15. 4D . 

In |JanlOb| , a necessary and sufficient condition was found for a unital invertible map to be 
g-positive (see section 2.2 and Proposition 6.1 of [JanlObj ). and the invertible unital g-pure 
maps were entirely classified up to conjugacy (Theorem 6.11 of [Janl Obj). In contrast to the 
rank one case, boundary weight doubles that combine unital invertible g-pure maps with type 
II Powers weights of the form v((I — A)2B(I — A) 2) = (f,Bf) all induce cocycle conjugate 
E'o-semigroups: 

Theorem 2.28. An invertible unital linear map ip : M n (C) — > M n (C) is q-pure if and only 
if it is conjugate to a Schur map <p that satisfies 

&jk if J < k 



1 + i(Xj - X k ) 

ajkCjk ifj = k 

-djk if j > k 



Ujk 



1 - i(Xj - X k 

for all j,k = 1, . . . , n and all A = ^ a^eij G M n (C), where Ai, . . . , X n G R and X^j=i A? = 0- 

If v is a type II Powers weight of the form u(JJ — K)^B(I — A) 2) = (f,Bf), then the 
Eo-semigroup induced by (ip,v) is cocycle conjugate to the Eo-semigroup induced by (icv) 
for ic the identity map on C . 

We will show that the conclusion of this theorem holds if v is an arbitrary type II Powers 
weight (Theorem 14.21) . 
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3. Generalized Schur maps 

Recall that a map 4> : M n (C) — > M n (C) is said to be a Schur map if there exists a matrix 
Q = (qij) G M n (C) such that 

4>{{xij)) = {qijXij) 

In this section we consider a slight generalization of Schur maps and their relationship to 
corners between CP-flows and other maps, encapsulating results that are frequently needed 
in the comparison theory of CP-flows and in the remainder of the paper. 

Powers has defined a related concept of Schur diagonal boundary weight maps (see Defi- 
nition 4.31 of [Pow03bJ), which is a special case of generalized Schur maps as defined below. 
A boundary weight map u) : B(C n )* -)■ 2l(C n <g> L 2 (0,cx)))* is Schur diagonal in the sense 
of Powers if and only if it is a generalized Schur map with respect to the decompositions 
CeCe - • - 0C and L 2 (O,oo)0L 2 (O,oo)0 - • -eL 2 (0,oo) according to the following definition. 

For each i = 1,2, ...,n, let Ki and Hi be Hilbert spaces, and let K = ®" =1 Ki and 
H = Hi. Let for i = l,...,n, Vi : Ki — > K and Wi : Hi — > H be the canonical 

isometries. Given operators A G B(K) and B 6 B(H), and for i,j = 1,2, ...,n given 
operators X G B(Kj,Ki), Z G B(Hj, Hi), we define 

Aij = V*AVj G B(Kj,Ki) X ij = ViXV* G B(K) 

B i:j = W*BWj G B(Hj,Hi) Z ij = W l ZW* G B(H) 

In particular, 

(X tJ ) rs = 5i r 5j s X. 

Given a subalgebra 21 of B(H), and for each i,j = l,2,...,n, let 2ljj = W*%Wj. Suppose 
that for all i,j = 1, 2, . . . , n, 

(3.1) W&ijWf C 21. 

Given a linear map <j) : 21 — > B(K), for each i,j = 1,2, ...,n we define the linear map 
4>ij ■ %j ->• B(Kj,Ki) given by 

MX) = [<KxV)]ij 

We say that ^ is a generalized Schur map with respect to the decompositions ©™ =1 Ki and 
0" =1 Hi if for all A G 21, 

[</>(A)]ij =(j)ij{Aij). 
In particular, if ^) is a generalized Schur map and if X G B(Kj, Ki), then 

<p(xv) = [^(x)r. 

A similar definition applies to maps from B(K)* to the algebraic dual 21'. If p G B(K)* 
and n G 21', we define for each i,j = 1,2, ... ,n the linear functionals pij G B(Kj,Ki)' and 
7]ij G 21-j- given by 

Pij (X)=p(X% r Hj (Z)=r,(Z»), 
for all X G B(Kj,Ki) and Z G 2%. For each p G B{Kj,Ki)' ', we define G B(K)' given by 

^'(A) = M (A ii ). 

Given a map ^ : £(-FT)* 21' and i, j = 1,2, . . . ,n, we define ^ : B(Kj,Ki)' ->■ %■ by 

We say that ^ : B(K)* — > 21' is a generalized Schur map with respect to the decompositions 
0? =1 and 0™ =1 -fTj if 

We observe that if ^ is a generalized Schur map and p G B(K)*, then ^([/Oij] 4 - 7 ) = [®ij(Pij)] v '• 
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If cj) : B(H) — > B(K) is a normal generalized Schur map, then it follows that 4> is also a 
generalized Schur map: given i,j = l,2,...,n,XE B(Kj,Ki) and p G B{K)*, 

[MUX) = HpKxv) = P (Hx lJ )) = P{[^(x)f) = PiMjW) 

Analogously, if 4> '■ B(H) — >■ B(K) is a normal map such that is a generalized Schur map, 
then <p itself is also a generalized Schur map. 

The following statement will be employed in the subsequent proposition. It refers to an 
elementary fact about completely positive maps on C*-algebras, and we include a proof for 
convenience. 

Lemma 3.1. Let A, B be unital C* -algebras and let (ft : A — > B be a contractive completely 
positive map. Suppose that {ej : i = 1, . . . , n} and {fj : j = 1, . . . , n} are families of mutually 
orthogonal projections summing up to the identity in A and B, respectively. If for all i ^ j, 

fi<l>{ej)fi = 

then for all and a G A, 

fi(f>(eiaej)fj = <p{eiaej) = f i (f){a)f j . 
Proof. Observe that for i ^ j, 

fi<l>{ej)*<f>(ej)fi < fiH e j e j)fi = 

since <p is a completely positive contraction. Hence <p(ej)fi = 0, and by taking adjoints, 
fi4>(ej) = for all i ^ j. Since X^j=i fj = ^-> we have that 

<X e i) = fj<l>( e j)fj < fj 
Let a be a positive contraction in A. We have that for all and a G A a contraction, 

[(f)(eiaej)]*[(j)(eiaej)] < (j)(eja*ei)(/)(eiaej) 

< 4>(eja* eieiaej) < </>(&,-) < fj 

Now observe that if c G A and c*c < fj, then (1 — fj)c*c(l — fj) = hence cfj = c. Thus 
we have that (p(eiaej) = (frfaaej) fj . Thus we conclude by taking adjoints and reapplying the 
identity that for all for all contractions a G A, 

fi<p(eiaej)fj = (p(eiaej). 

Thus 

fi<P(a)fj =/i ^ <P(e r ae s ) \ fj = I ^ f r <p(e r ae s )f s fj = fi<j>{eiaej)fj. 

\r,s=l / \r,s=l / 

The lemma now follows by linearity. □ 

Proposition 3.2. For each i = 1, . . . ,n, let be a separable Hilbert space, and let Hi = 
Ki L 2 (0, oo). Define K = 0™ =1 K, L and H = 0™ =1 H t = K L 2 (0, oo). Suppose that a is 
a CP flow over K with boundary weight map uj : B(K)* — > 2l(i2% and generalized boundary 
representation ir t for t > 0. Then at is a generalized Schur map with respect to 0™ =1 Hi for 
every t > if and only if uj as well as cut and irt are generalized Schur maps with respect to 
0" =1 Ki and 0™ =1 Hi for every t > 0. 
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Proof. We will make use of the notation introduced in the definition of generalized Schur 
maps. Denote by S^ the right shift semigroup on Hi, for i = 1, 2 and let St = © S^ 
be the right shift semigroup on H. We remark that the null boundary algebra Sl(-ff) satisfies 
the property (|3.ip . because A.(Ik) = ©iLi M-^Ki)- Thus it makes sense to claim that a; is a 
generalized Schur map with respect to ©™ =1 Ki and ©™ =1 Hi. 

Let T be the map defined by (\2.2\ . It is easy to check that T is a generalized Schur map on 
B(H) with respect to ©" =1 Hi, hence T is a generalized Schur maps on B(H)* with respect 
to ©™ =1 Hi. Similarly, A : B{K) — > B(H) and A are generalized Schur maps with respect to 
the decompositions ©™ =1 Ki and ©™ =1 Hi. 

Suppose that at is a generalized Schur map for every t > 0, and let R a be its resolvent 
defined by (|2.5p . It is clear that R a and R a are generalized Schur maps with respect to 
0™ =1 ffj. Let p G B(K)* be fixed, and let r\ G B(H)* be any normal functional such that 
p = A(r/), and therefore pjj = Aij(r]ij). Then by (|2.7p . we have that for all x > and 
T G S^S^*B(H)S^S^\ and for all i, j = 1, 2, . . . , n, 

[ W (p)] y (T) = u(p)(T«) = lim [B'Ot ~ f)(r/)(r^ - e-^ r ,PS;_J 

lim - f )y ( % )(T - ^-yS^TS^) 



y^>x 
lim 



1 


?/ 




X 




l 




y 




X 




l 




y 




X 



lim ^—{R* - f )([7Wj]«)(T« - f-vSy-vlVSl 

y-*x+ y - x y y 

(3.2) =u;(^]^)(T«)=^i(Py)(r). 



If A G 2ljj, then for the operators {A x } x> o defined by A x = Sjpsjp AS^S^ , we have 
Ax = S x S*A tJ S x S*, so using equation (|3.2p and the fact that w(p) G 01(H)* since p G B(K)*, 
we obtain by Proposition 12. 1 11 that 

Hp)UA) = u,(p)(^) = KmMp)(A%) = hW[p^)(40 = u{\pi^){A^) 

x-^0+ x— S-0+ 

Thus we have shown that [oj(p)]ij = uiij(pij), hence w is a generalized Schur map with respect 
to the decompositions ©™ =1 Ki and ©™ =1 Hi. It follows immediately that for every t > 0, uj t 
is also a generalized Schur map with respect to the decompositions ©™ =1 Ki and ®" =1 

For each t > 0, by Theorem l2.12l -n^ = ujt(I + Aujt)^ 1 - A simple computation shows that the 
inverse of a generalized Schur map is also a generalized Schur map (with respect the reverse 
decompositions), whereby it follows from the previous paragraph that 5?$ is a generalized Schur 
map with respect to the decompositions ®" =1 Ki and ©™ =1 Hi. Therefore, by the observation 
preceding Lemma l3.1( 7Tj is a generalized Schur map for every t > 0. 

Conversely, suppose that w is a generalized Schur map. It follows trivially that uit is a 
generalized Schur map for every t > 0, and the argument given in the previous paragraph 
shows that -K t is a generalized Schur map for every t > 0. By equation (|2.6p . R a is the 
composition of generalized Schur maps with respect to the decomposition ©™ =1 Hi and is 
thus a generalized Schur map, hence R a is a generalized Schur map with respect to the 
decomposition ®" =1 Hi. For each i = 1, . . . , n, let Wi : Hi — > H be the canonical isometric 
embedding and let E% = WiW* G B(H) be the projection onto the subspace of H associated 
to Hi. If i,j G {1, . .. ,n} and i ^ j, then = WfEiWj = WJEjEiEjWj = 0, and from 
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equation (|2 . 6[) and the fact that R a is a generalized Schur map, it follows that 
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0=(R a ) jj [(E, 



J *)33 



Ra{Ei) 



33 



e t a t {E i )dt 



33 



e-*[at(^)]^dt. 



Since [ott(Ei)]jj = W^at{Ei)Wj is a positive operator in B(Hj) for every t > 0, the above 
equation implies that [ctt(Ei)]jj = for every t > 0. Now let t > be fixed. Note that 
fJiAB,- = (Aij)^ for all A G B(iT), so 



(3.3) 



EjatiE^Ej = ([a t (Ei) 



133 



33 







whenever i 7^ j. Note that the projections E\, . . . ,E n are mutually orthogonal and sum to 
/. Therefore, by Lemma l3.1l and equation ()3.3p we have Eiatt(A)Ej = EiCtt(EiAEj)Ej for all 
A G B(H) and i,j = l,...n, so 



>i(A)]yJ = Eiat(A)Ej = Eia t (EiAEj)Ej = £i(a t p^]J^ = [(a*)^^ 

hence = (at)^-^)- 

The following proposition will be useful in analyzing flow corners: 
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Proposition 3.3. For each i = 1, . . . ,n, let Ki be a separable Hilbert space, and let Hi = 
Ki <g> L 2 (0, 00). Define K = 0™ =1 Ki and H = 0™ =1 Hi = K <8> L 2 (0, 00). Let ■& and & be CP 
flows over K with boundary weight maps uj and uj' , and generalized boundary representations 
TTf and ix' t . Suppose that t?t and "&' t are generalized Schur maps for every t > 0, and let 
i,j G {l,...,n}. Then [$t]ij = Wt\ij f or all t > if and only if, for every p G B(K)*, 
A G B(H), and t > 0, 

Mp)]ij = W(f)]ij, W{A)]ij = W t {A)] iy 

Proof. Suppose that for some i and j we have [&t\ij = Wt\ij fo r an t > 0. It clearly follows 
that [R&]ij = [R#i]ij. Let p G B(K)* be arbitrary and let rj G B(H)* be such that p = An. It 
follows from equation that for all x > and T G S ( x i] S ( x i} * B (H) S x i} S x j) * , 

Kp)],. (t) = lim - r)([ mj f)(TV - e *-y S y . x Ti s;_ x ) 

= JT + 7^7 % " r UT* j - > r v s y ,t j s; jhj 
= /!!•. 7^7 - n^iV-' - ' J % ,v"'5; 

= i im _J_ _ r)([ % -]^)(r^ - < ■ »s ;l ,:ns- x ) 

hence = [u/^)]^ by Proposition 12.111 

It follows by a simple computation that for all t > 0, [wt(p)]~ = Wt(p)]ij- Now observe 

that for all t > 0, % = Ut(I + Aw*) , hence for all p G B(K)*, \nt{p)]ij = [^tO 9 )]^'- Thus for 
alU > 0, p e B(K)* and A G B(H), 



Hence ([7r t ( J 4)]jj) 4J = ([TT' t (A)]ij) ij , from which the desired identity follows. 
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Conversely, suppose that for some i,j G {l,...,n}, we have [u)(p)]ij = [w'(p)]ij for all 
p G B[K)*. The argument from the previous paragraph shows that [^(^4)]^- = [7r^(yl)]y for 
all A G B(H) and t > 0. Since #t and $J are generalized Schur maps, so are R$ and R$>. 
Observe that for all 77 G B(H)*, 



[R$(v)]ij = fy([w(Af7)]y + %) = ^([^'(Ar/)]^ + r?y) = [iV(>7)] 

Therefore, it follows that [iitf]^ = [R$']ij. 

Now define the continuous idempotent L : B(H)* — > B{H) if given by 



1.1 



L (p) = (Pij) 

and let 9JT be the range of L. Observe that for every t > 0, fit, "&' t as well as R& and R$> 
are generalized Schur maps, hence SOT is a closed invariant subspace of B{H) Jf for those maps. 
Furthermore, on 50?, the restriction of 1? and constitute Co-semigroups whose resolvents are 
precisely the restriction of R$ and R41 to 9Jt. In addition, note that for all p G B(H)*, 

%{L(p)) = R d {{ Pij ) ij ) = [%]ij{pij) = [R*\ij{fHj) = Ro'dPijf) = %>{L(p)). 

Thus the resolvents of the Co-semigroups i?|gjt and $'\<m coincide. It follows that ??|gjt = t^'Iot- 
Thus for every t > 0, X G 5(F), and p G B(.H% , 

d t (L(p))(x) = L( P )(MX)) = M j (M*)) = PijWtWk) = p {(lMx)h) ij ) ■ 

We have the analogous identity for hence we have that for all X G B(H) and p G B(H)*, 

p ((iMx)hr) = p mwh) 13 ) ■ 

It follows that [&t(X)]ij = [&' t (X)]ij for all X G Since both $ t and ^ are generalized 

Schur maps, we obtain that [$t]ij = Wt\ij- D 

Remark 3.4. Propositions 13.21 and !3.3l are used very frequently in the remainder of the article. 
For example, if uj : B(K\ © K2)* — > Ql(Hi © H2)* is a g-positive boundary weight map which 
is a generalized Schur map with respect to the decompositions K\ © K2 and H\ © H2, then 
Proposition 13.21 implies that uj induces a CP-flow O over K\ © K2 consisting of generalized 
Schur maps and that the generalized boundary representation lit for O consists of generalized 
Schur maps. Therefore, O has the form 



(3.4) @ t 



A B\ fa t (A) a t (B) 
C D U*(C) h{D) 



where at maps B(H\) into itself, at maps B(H2, Hi) into itself, and fit maps B{H2) into itself 
for all t > 0. Note that since is a CP-flow, the semigroups a = {at}t>o and /3 = {/3t}t>o 
must be CP-flows over K\ and K2, respectively, hence a is a flow corner from a to ft. Let p 
be the boundary weight map and m be the generalized boundary representation for a, and 
let r\ be the boundary weight map and £t be the generalized boundary representation for f3. 
Since (-Re)n = R a and (Rq)22 = Rp, it follows from (I3.2p that for all p G B(K\ © K2)*, 

Kp)]ll = P(pli), [u(p)}22 = V(P22)- 

By the above line and the fact that IT is a generalized Schur map for every t > 0, it follows 
that Tit has the form 

for some family 7 = {'jt}t>o of contractions from B(H2, Hi) into B(K2,Ki 
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Suppose that > 0' for a CP-flow 0' over K\ © K 2 of the form 

, (A B\ _ fa' t (A) a t (B) 
U *{C D)-\a* t (C) (3' t (D) 

Note that a' and /?' are CP-flows over K\ and K 2 which are subordinate to a and /3, respec- 
tively. By the previous paragraph, we have that if H' t is the generalized boundary represen- 
tation for 0', then 

'A B\_( n' t (A) i t {BT 
<J D)-\{iY t {C) e t (D) / 

Furthermore, since [&t]i2 = [0<]i2 for all t > 0, Proposition 13.31 implies that [ILji2(-B) 
[U t (B 12 )] 12 = [U' t (B 12 )] 12 = [n' t ] 12 (-B) for all B € B(H 2 ,Hi), hence U' t has the form 

, (A B\ _ ( ir' t (A) lt (B) 
for all t > 0. 

Conversely, if a and f3 are CP-flows over K\ and K 2 , respectively, and if a is a flow corner 
from a to /?, then equation f)3.4j) defines a CP-flow over K\ © K 2 . By Proposition 13.2^ the 
boundary weight map uj and generalized boundary representation IT for are generalized 
Schur maps. Let p be the boundary weight map and 7i"t be the generalized boundary repre- 
sentation for a, and let rj be the boundary weight map and £ t be the generalized boundary 
representation for (3. The same argument given in the first paragraph of this remark shows 
that for all p G B(K\ © K 2 )* we have [w(p)]n = p(pn) and [w(/o)]22 = r](p22), and that in 
addition IT has the form (|3.5p . 



As a further application of generalized Schur maps, we clarify the relationship between flow 
corners and matrices of flow corners. 

Proposition 3.5. For each i = 1, 2, ... n, let Ki be a separable Hilbert space, and let Hi = 
Ki ® L 2 (0,oo). Let K = 0" =1 Ki and H = 0™ =1 #;. Suppose that = (^'))™ i=1 is a 
one-parameter semigroup from B(H) to B(H) such that for each i, j = 1, 2, . . . ,<n, i 7^ j, and 
t > 0, the map given by 



{ij) (a B\_(ef\A) ef\B 



\c d) \ef\c) e[ j3 \D) / 

defines a unital CP-flow over Ki © Kj . 

is a CP-flow over K if only if the boundary weight map uj defined by 

(3.6) [v(j>)]ij = Uij{pij) 

for all p € B(K)* and i,j = 1,2, ...n is a q-positive boundary weight map, where the map 
given by 

(3.7) v^h { p u \ ^'H 

\Uji[V2l) ^jj{V22) 

for all n E B(Ki ©!£,•)* is the boundary weight map for In this case, uj is the boundary 

weight map for 0. 

Proof. Suppose that is a CP-flow over K. Then it has a g-positive boundary weight map 
uj. It is clear that is a generalized Schur map, hence uj is also a generalized Schur map, i.e. 
it has the form (|3.6|) . It remains to show that for every i,j = l,2,...,n,i^ j, the boundary 
weight map of is given by ([37 
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Let us fix i, j = 1, 2, . . . ,n, i 7^ j, let us temporarily denote \I/ = vfrfe) and let us define the 
canonical embedding e : B{Hi ® Hj) — > B(H) and the canonical compression i£ : B{H) — > 
B(Hi (& Hj). Then it is clear that for all t > 0, 

$(=£o9(0£. 

Similarly, we have that 

i?^ = E o i?Q o e, and Tn^Hj = E oT o e. 
Let u/ be the map given by (|3.7p . Then by (|2.6p we have that for all p G © -&/)*, 

Ra,(p) = (eoR e o E){p) = e(f (w(AEp) + 
= P^eHj (ew(A£p) + p) 
(3-8) = r^e^ ^'(A^e^p) + />) . 

Thus it follows from (|2.6p that a/ must be the boundary weight map of \&. 

Conversely, suppose that equation (|3.6p defines a g-positive boundary weight u, where 
for each i and j with i 7^ j, (|3.7p is the boundary weight map for vl/W'). Then cj induces 
a CP-flow 0' over K, and 0£ must be a generalized Schur map for every t > 0. Now let 
i, j = 1, 2, . . . , n be fixed, and let us denote E and e as in the previous paragraph. Then we 
have that = E o Q' t o e is a CP-flow over Aj Aj. This applies for every i,j. Hence 

we can apply the forward part of the theorem to 0' and for i, j = 1,2, ... ,n, so that 
by (|3.8p . I'' 3 ' has boundary weight map given by (|3.7p . It follows by the uniqueness of the 
boundary weight map (see and Proposition EH]) that = Thus we obtain 

that = 0' and w is its boundary weight map. □ 



4. COCYCLE CONJUGACY IN THE CASE OF INVERTIBLE g-PURE MAPS 

In this section we will frequently make use of the canonical identifications discussed after 
Proposition E2U We remark that if T G M n (C) is positive, and p G 2l(C n ® L 2 (0,oc))* is a 
positive boundary weight, then the map Pt(A) = p(T ® A) is a positive boundary weight in 
2l(L 2 (0, 00))*. Indeed, py is positive by construction, and it is a boundary weight since 

p T {(I - K) l / 2 B{I - A) 1 / 2 ) = - I ® A) 1 / 2 ^ © B)(J - I © A) 1/2 ) 

for all -B G -B(L 2 (0, 00)). Under our matrix identifications, Pt(A) = m(XX;=i tijA* 3 ). 

Lemma 4.1. Let (/> : M n (C) — > M n (C) be a unital q-positive Schur map. Let v be a type II 
Powers weight, and let be the unital CP-flow over C n induced by the boundary weight double 
Let H = C n ® L 2 (0,oo), identifying B(H) with M n (B(L 2 (0,oo))). Suppose 0' is a 
CP-flow overC n such that > 0', and let {£t}t>o be the generalized boundary representation 
for 0'. Then ^ is a generalized Schur map with respect to the decompositions (B" =1 ^ an d 
0" =1 B(L 2 (0, 00)) for every t > 0. 

Furthermore, for each k = 1, 2, . . . , n, there exists a positive boundary weight G 2l(L 2 (0, 00)) 4 
such that 

(4.1) UX kk ) = {UJkUX }^ e kk 

y 1 W ' l + (w fc ) t (A) 

/or a// A G B(L 2 (0, 00)), where the matrices {&ij}^j=i are the standard matrix units for 
M n (C). 
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Proof. Let tt = {irt}t>o be the boundary representation for 0, and let t > 0. By Proposition 
12.211 -K t is given by 

n t (B) = <j>(I + v t (A)cf>)- 1 (n ut (B)) 

for all B G B(<C n <8> L 2 (0, oo)), and by Theorem 12. 141 7Tj — £j is completely positive. Using the 
fact that 4> is a unital Schur map and Vt{I — A) < v(I — A) = 1, we obtain 

t I rkk\ ^ „ l r kk\ v t{I) , 

J < vr t (i ) = — r-rrekk < &kk 

1 + vt\h) 

for every k = l,...,n. Therefore, ejjit{l kk Yjj = if j / k. Fix ,4 G Note 
that {ejj}™ =1 , and {I kk } k=1 satisfy the conditions of Lemma \3.l\ hence ejj£,t(A)e kk = 
e jj£t(I^ AI kk )e kk for all j,k = l,...,n. Therefore, for all i, j = 1, . . . , n, we have 



hence [£t(-A)]y = (Ct)ij(Aij). Therefore, ^ is a generalized Schur map with respect to the 
decompositions ©™ =1 C and ©™ =1 B(L 2 (0, oo)) for every t > 0. 

Now let & G {1, . . . , n} be arbitrary. For simplicity of notation, we will write ui rather than 
co k for the boundary weight which, as we will show, satisfies equation (|4.1|) . Let pq € M n (C)* 
be the state defined by po(X) = x kk fo r ah X = (x^) G M n (C). Let r/ be the boundary weight 
map for to 0', and for each t > 0, let \Pt = (/ — ^ o A) -1 £t, noting that is a generalized 
Schur map since £j and I - ^ o A are generalized Schur maps. Observe that po$ ( = %(p) 
for all p € M n (C)*. Since is a generalized Schur map with respect to the decompositions 
©" =1 C and 0" =1 B(L 2 (0, oo)) for every t > 0, we have 

(4.2) V t (X kk ) = p^ t {X kk ))e kk = V t(poKX kk )e kk 

for all X G £(L 2 (0, oo)). 

We define the linear functional u acting on 2l(L 2 (0, oo)) by 

u(X)=r,(p )(X kk ) 

for all X G 2l(L 2 (0, oo)). It follows from the discussion preceding the current Lemma that ui 
is indeed a well-defined positive boundary weight in 2l(L 2 (0, oo))*. 

Denote the right shift semigroups acting on B{H) and B(L 2 (0, oo)) by {St}t>o and {Vt}t>o, 
respectively. Note that under our identification of B(H) with M n (B(L 2 (0, oo))), we have 
[St]kk = Vt fo r every t > 0. Define the truncated weights k>t G B(L 2 (0, oo))* by 

u; t (X) = uo{V t V t *XV t V t *) 

for f > and X G 5(L 2 (0, oo)). Then we have that 

u t (x) = u{v t v t *xv t v?) = V (p ){[v t v t *xv t v t *] kk )) = v (p )(s t s;x kk s t s* t 

= 7 ]t (p )(X kk ), 

whereby equation (lL2l) implies ^ t (X kk ) = uj t (X)e kk for all X G B(L 2 (0, oo)). Thus we have 

(/ + * t o A)- 1 (e fcfc ) = - 1 e kk . Therefore, for all X G B(L 2 (0,oo)), 
i + ut (A ) 

UX kk ) = (I + ^ t oK)- 1 ^ t {x kk ) = (I + m t oK)' 1 (uj t {X)e kk 



□ 
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Theorem 4.2. Let ip : M n (C) —> M n (C) be a unital invertible q-pure map, and let v be 
a type II Powers weight. Then (ip,v) an d (*C> I/ ) induce cocycle conjugate minimal dilation 
Eq- semigroups. 

Proof. By Theorem 12. 28[ since ip is a unital invertible g-pure map, it is conjugate to a unital 
invertible (/-pure map (j) of the form 



[<KA)]j k 



ajk 



1 + i(Xj - A*.) 

a jk 

, 1 - i(Xj - A fc ) 



if j < fe 

\{ j = k 
if j > k 



for all j, A; = 1, . . . , n and all A = (ajk) € M n (C), where Ai, . . . , X n E R and Ai + . . . + A n = 0. 
By Proposition I2.26[ (<fi, v) and (?/>, ^) induce cocycle conjugate Eo-semigroups, therefore it 
suffices to show that the Eo-semigroups induced by (<f>, v) and ^c,^) are cocycle conjugate. 
Define 7 : M„i(C) -> M n i(C) by 



7 



/ 6i \ 



and define a unital map T : M n+ i(C) — > M n+ i(C) by 



(4.3) 



T 



0(Ai,n) 7( S n,l' 
7*(Ci, n ) d 



Cl,n d 

Letting A„ + i = 0, we see that for all A = (a^-) 6 M n+ i(C), 

° jfc if j < fc 

if j = & 



[1(A)] 



jk 



1 + i(A 3 - - A fc ) 
a-jk 

, f - i(A 3 - - A fc ) 



if j > k 



where Ai, . . . , A n+ i € R and Ylk=i ^ k = ^2k=i ^k = 0, so T is (/-positive by Theorem l2.281 By 
Proposition ^. 211 the boundary weight double (T, v) gives rise to a unital CP-flow = {@t}t>o 
over C™ +1 . 

Let a and f3 be the unital CP-flows over C n and C, respectively, induced by (4>, v) and 
(ic,v). Since T is a generalized Schur map in the sense of (14. 3D . it follows from Remark 13.41 
applied to its boundary weight map that has the form 



f 



for some semigroup a = {crt}t>o of maps from B(L 2 (0, oo), C n <g>£ 2 (0, oo)) into itself. Suppose 

> 0' = 



a 



a 



a 



for some CP-flow 0' over C n+ . Let ir = {irt}t>o and ir' = {7r' t }t>o be the generalized boundary 
representations for and 0', respectively. Since > 0' and T is a unital (/-positive Schur 
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map, Lemma [4.11 implies that for each k = 1, . . . , n+ 1, there is some positive boundary weight 
0J k G 2l(L 2 (0, oo))* such that 

(44) nt{X )= i + KMA) efcfc 

for every X G B(L 2 (0, oo)). We note that <j> is a Schur map, hence a direct calculation shows 
that for r < s 6 {1, . . . , n + 1}, 

1 + v t (A) + i(\ r - A s ) 

Since 7r t — 7Tj is completely positive for all t > 0, equations (|4.4p and (j4.5j) (when r = s = k) 
imply that 

n (^fc)t 

l + i/ t (A) l + (w fc ) t (A) 
is a positive functional in B(L 2 (0, oo))* for all i > 0. In other words, for k = 1, . . . , n + 1, 

(4.6) f >g Wjfe. 

Now let us fix fe G {1,... ,n}, and let t : M 2 (B(L 2 (0, oo)) -> M rt+ i(£(L 2 (0, oo))) be the 
injective *-homomorphism given by 

'A n ^4i2 N 

^21 ^22, 

Since t is a *-homomorphism, it is clear that it is completely positive. Let also E : M n+ \(B(L 2 (0, oo))) 
M 2 (B(L 2 (0, oo)) be the completely positive map given by 



{A xi ) kk + (.4i 2 ) fc '" +1 + (^ 2 i) n+1 ' fe + (A 



22) 



E{A) 



Akk Ak yTl+ i 



Now note that fit = E o t o i and "&' t = E o ®' t o l are generalized Schur maps on 
B(L 2 (0, oo)©L 2 (0, oo)) with respect to the decomposition L 2 (0, oo)©L 2 (0, oo). Furthermore, 
■d and i?' are CP-flows over C © C. Let £t an d be their generalized boundary representa- 
tions. Now using the notation for generalized Schur maps, notice that since and 0' have 
the corner a in common, it follows that [$t]i2 = [$t]i2- Thus it follows by Proposition 13.3 
that [£tp0]i 2 = [£f(*)]i2 for all X G M 2 (B(L 2 (0, oo))), where = and 

[£,t(X)]ij = {i'i)ij{Xij) for all i,j = 1,2 since £t and ^ are generalized Schur maps. Further- 
more, observe that for every t > and X = (X{j) G M 2 (-B(-L 2 (0, oo))), 

TT t (l(X)) = (£t)u(Xn)e kk + (6)l 2 (Xi 2 )e fcin+ i + (&) 2 l(X 2 l)e n+ i ifc + (6)22(^22)e n +l,n+l, 

7T^(X)) = (^)ii(Xu)e fcfc + (eDi2(^i2)e fc ,n+i + (£)2l(^2l)e n+ l,fc + (^)22(^22)e„+l,„+l 

= (£Dll(^ll) e fcfc + (6)l2(^12)efc, n +l + (6)2l(^2l)e n+ i ) fe + (£t) 2 2p^22)en+l,n+l- 

Thus, by combining equations (|4.4p and (j4.5j) with the fact that A n+ i = 0, we obtain that for 
every X = {X l3 ) G M 2 (B(L 2 (0, oo))), 

f (co k ) t {X u ) u t {Xi 2 ) \ 

l + (w fc ) t (A) l + v t (K)+i\ k 
v?(X 2l ) (cj n+1 ) t (X 22 ) 



ax) 



\l + v* t (K)-i\ k 1 + K + i) t (A) / 

The above map is completely positive by construction for every t > 0, since it is the generalized 
boundary representation of a CP-flow. Hence 1+ * Afc v is a (/-corner from u) k to u) n +i. We know 

from Remark [2.191 that v is a hyper-maximal q-corner from v to v, so v = co k = uj n+ i by 
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Thus we conclude that u>k = v for each fc = l,... 3 n + l, and it follows by (|4.4p and (|4.5p 
that 

(7r t -7ri)(/) = 0. 

But 7Tt — 7r^ is completely positive by Theorem 12.141 hence we have that 

Ik-7r;|| = ||(7r t -7r0(/)||=0, 

thus Tit = tt[ for all t > 0, whereby 0' = again by Theorem 12.141 Therefore, <r is a hyper- 
maximal flow corner from a to /3. Hence, a d and /3 d are cocycle conjugate by Theorem 12 .81 □ 

5. Unitary equivalence of boundary weight maps 

The following proposition is a direct consequence of Bhat's theorem and Arveson's charac- 
terization of minimality. Although we could not find a convenient reference for the it in the 
literature, we believe that it is already known. We include a proof here for the convenience 
of the reader. We thank Bob Powers for pointing out its role in sharpening the result which 
follows the proposition. 

Proposition 5.1. Let a and {3 be unital CP-semigroups acting on B(K a ), B{Kp) with min- 
imal dilations a d and (3 d , respectively. Suppose that there exists a unitary V : Kp — > K a such 
that 

p t {A) = V*a t {VAV*)V 
for all A G B{Kp) and t > 0. Then a d and (3 d are conjugate E^-semigroups. 

Proof. Suppose that a d acting on B(H) is a minimal dilation, i.e. there exists an isometry 
W : K a — > H such that WW* is an increasing projection for a d for which 

a t (A) = W*af{WAW*)W 

for all A £ B{K a ) and t > and furthermore H = span(<S a ) where 

S a = {a d i (WA 1 W*)---a d i (WA n W*)Wf :f€H,Ai£ B{K a ),U > 0,n G N}. 

In order to show that a d and /3 d are conjugate, it suffices to show that a d is a minimal dilation 
of f3. This is equivalent to showing that there exists an isometry Z : — > H such that ZZ* 
is an increasing projection for a d for which 

Pt(A) = Z*af(ZAZ*)Z 

for all A £ B(Kr) and t > and furthermore H = span(5^) where 

5/3 = {af^ZAtZ*) ■ ■■a d tn {ZA n Z*)Zf : feH,Aie B{K p ),U > 0,n G N}. 

Let Z : Kp -4 H be the isometry Z = WV . Note that 

f3 t (A) = V*a t (VAV*)V = V* fw*af{W{VAV*)W*)W^jV 

= V*W*af(WVAV*W*)WV = Z*a d (ZAZ*)Z 

for all A G B(H) and t > 0. Furthermore, ZZ* is increasing for a d because ZZ* = WW* 
and WW* is increasing for a d . 

Let £ G S a , so that there exist {^4i}" =1 C B(K a ), ti > for i = 1, . . . , n, and / G K a such 
that 

i = a d 1 (WA 1 W*) ■ ■ ■ a d n (WA n W*)f. 
Letting g = V* f G K» and Bi = V* A^V G B(Kr) for all i = 1, . . . n, we observe that 

£ = a d tl {WAxW*) ■ ■ ■ a d n {WA n W*)f = a d tl {ZB x Z*) ■ ■ ■ a d n (ZB n Z*)Zg, 
hence £ G Sp. Therefore S a C Sp. Consequently H = span(5 J g). □ 
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Given a Hilbert space H and a unitary V G B(H) we denote by Ady : B(H) — > B(H) the 
map given by Ady(X) = V*XV. Thus we obtain the map Ady : B(H)* — > B(H)* given by 

Ady(p)(X) = p(Ady(X)) = p(V*XV) 
for all X G B(H) and p G 5(F)*. 

Theorem 5.2. Let H = K ® L 2 (0,oo), where K is a separable Hilbert space. Let a be a 
CP-flow over K, and let oo : B{K)* — > 21(F)* be its boundary weight map. For every unitary 
U G B{K), letU = U® I L 2 (0>oo) G B{H). Define a map oo u : -B(F)* -> 21(F)* fry 

= Ad^„ owo Adu- 

Then oo u is the boundary weight map of the unital CP-flow ajj over K given by 

(5.1) (au)t(A) = U*a t (UAU*)U 
for all A G B(H), t > 0. 

Proof. For each t > 0, let #(t )00 ) = S t S^ G B{H). In other words, #(t l0O ) = Ik ® V t V t *, 
where Vt is the right shift by t units on L 2 (0, oo). Note that Ad^« leaves 21(F) invariant, so 
p — > uP (p) maps B(K)* into 21(F)*, therefore uo u is well-defined. Furthermore, uF is the 
composition of completely positive maps and is therefore completely positive. Note that U 
commutes with -E^oo) f° r an i > 0, so 

wf(p)(A) = W a (p)(^ (tiTO) ^ (t ^ ) ) = W (M & (p))(^ ( ^ ) ^ (ti ^ ) C/*) 

= u ^{p))(E it>x) UAU*E ittOB) ) = u t (Mu(p)(UAU*) 

= (Adjj, ouj t o Adu)(p), 

hence uo\ \p) G -B(F)* for all p G B(K)^ and all t > 0. Furthermore, we have 

wf (/ + Aw^)" 1 = Acbj, o uj t (I + Aw t ) _1 o Achy, 

so the maps % ■= wY(I + Aa;^) -1 are completely positive contractions of B(K)* into B(H)* 
for all t > 0, hence cj^ 7 is the boundary weight map of a CP-flow ajy over K. It remains to 
show that ajj is given by equation (|5.ip . 

Recall that the resolvent R au for ajj satisfies 

POO 

(5.2) R au (rj)(A)= / e-*(au) t (A)tft and R au (rj) = t(u u (Ari) + rj) 

Jo 

for all A G £(F), 77 G £(F)*. 
We make four observations: 

(I) US t = S t U for all t > 0, 
(II) U*A(X)U = A(U*XU) for all X G 5(F), 

(III) Adt/fAr?) = A^Ad^r/)) for all ?? G 5(F)*, 

(IV) U*T(B)U = T(U*BU) for all £ G B(H). 

Equation (I) and the fact that a is a CP flow imply that the mappings A — > U*at(UAU*)U 
for A G B(H) and t > define a CP-flow over C n , since 

U*a t (UAU*)US t = U*(a t (UAU*)S^U = U*(S t UAU*)U = U*S t UA = S t A. 
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For all r\ G B(H) if and A € B(H), we find: 

f(a; l/ (A? ? ))(A) = w(Ad^(A^)) (UT(A)U*) 

(by (III), (IV)) = u)^A{Ad & (r,)))(T(UAU*)) 

(by (23}) = Ra^Ad^yUAUn-Ad^TiUAU*)) 

(by (IV)) = Adfj(v)(J e~ l a t (U AU*)di) - V (U*T(UAU*)U) 

(by (IV)) = V (J™ e-*U*a t (UAU*)Udt) -r?(r(A)). 
The above equation and equation (|5.2p give us 

ri(J™ e-'TTatiUAfrftdt) = (f(cj u (kr J ) + r l )yA)=r)(R au (A)) 

for all 77 € B(H)* and A € B(H), hence aj/ has the form of equation (15. ip . □ 

Corollary 5.3. If (f),ip : M n (C) — )• M n (C) are conjugate unital q-positive maps and v is a type 
II Powers weight, then the boundary weight doubles ((f), v) and (if), v) have conjugate minimal 
flow dilations. 

Proof. Let v be a type II Powers weight, and (f),if) : M n (C) — > M n (C) be conjugate unital 
g-positive maps and let U € M n (C) be a unitary such that if) = <f>xj. We remark that 

0„ o Ad;/* = Ad^» o 0^ 

since for all A G 2t(L 2 (0, 00)), X G M n (C), 

l7fi„(X ® A)U* = U(u(A)X)U* = v(A)(UXU*) = Q V ((UXU*) ® A) 

= n v (u(x®A)v*). 

Therefore, if u is the boundary weight map associated with the boundary weight double ((f), v), 
i.e. u) = Q„ o (f), it follows that 

oo u = Adjj^ o ui o Ad[/ = Ad^ o & u o <fi o Adjj = fi„ o Ad[/* 0^0 Adu = & u o <pjj 

Thus, u u is the boundary weight map for the boundary weight double (4>jj,v). Therefore, 
by Theorem 15.21 the unital CP-flow induced by (4>Ui v ) = (V^) is conjugate to the unital 
CP-flow induced by ((f), v). Thus it follows from Proposition 15.11 that the two unital CP-flows 
have conjugate minimal flow dilations. □ 

We obtain as a consequence the following result. 

Theorem 5.4. Let (f> and if) be unital rank one q-positive maps on M n (C) and Mk(C), re- 
spectively, and let v be a type II Powers weight of the form 

v((I-A) 1 2B(I-A) 1 2) = (f,Bf). 

Let a d and (3 d be the E^-semigroups induced by ((f), v) and (ifj,u), respectively. The following 
are equivalent: 

(i) a d and (3 d are conjugate. 

(ii) a d and (3 d are cocycle conjugate. 
(Hi) n = k and <f> is conjugate to if). 

Proof. Trivially, (i) implies (ii), while (ii) implies (iii) by Theorem 3.10 of [JanlOaj . Corol- 
lary [5]3] shows that (iii) implies (i). □ 
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6. Gauge group in the range rank one case 

In this section, we will calculate the gauge group for the minimal flow dilation a d of the 
CP-flow a induced by the boundary weight double {(ft,v), where (ft '■ M n (C) — > M n (C) is a 
unital rank one g-positive map and v is a type II Powers weight of the form 

u((I-A) 1 2B(I-A)h) = (f,Bf). 

In the context of CP-flows, the local unitary cocycles are more conveniently described in 
terms of the associated hyper-maximal flow corners. This description remains out of reach in 
the case of general boundary weight doubles, however in the special case when v has the form 
— K)zB(I — A)2) = (f,Bf) and (ft : M n (C) —> M n (C) is any unital (/-positive map, we 
present a convenient description. In the following theorem we describe explicitly a one-to-one 
correspondence between the hyper-maximal flow corners from a to a and the hyper-maximal 
(/-corners from (ft to (ft. 

Theorem 6.1. Let (ft ■ M n (C) — > M n (C) be a unital q-positive map, and let v be a type II 
Powers weight of the form 

v((I-A)hB(I-A)h) = (f,Bf). 

Let a be the unital CP-flow induced by the boundary weight double ((ft, u). 

Suppose j is a hyper-maximal q- corner from (ft to (ft. Define a linear map u : M 2n (C)* — > 
2l(C 2n ®L 2 (0,oo))„ by 

ffill t ,(n\( An A 12 \_ ((ft(n u (A u )) i(n u (A 12 )) 

[ j [P) \A 21 A 22 )- p \ ri *{n iJ {A2i)) <t>(Sl v {A 22 )) 

Then uj is the boundary weight map of a unital CP-flow of the form 

where a is a hyper-maximal flow corner from a to a. The generalized boundary representation 
Tit for is given by 

(ft{I + v t {A)(ft)- l £l Vt 7 (I + ^(A)7)-^,; 
v 7*(/ + ^(Ah*)- 1 ^ HI + vtiA)*)- 1 ^ 
for all t > 0. 

Conversely, suppose that a is a hyper-maximal flow corner from a to a. Let be the 
CP-flow 

/ a <7 N 

Let u be the boundary weight map for and let Tit be the generalized boundary representation 
for 0. Then there exists a unique hyper-maximal q-corner 7 from (ft to (ft such that uj is given 
by equation (16. If) . Furthermore, IIj satisfies equation (I6.2p for every t > 0. 

Proof. We will use two key facts established in the proof of Proposition 4.6 of [JanlOb] , 
Suppose that 7 is a hyper-maximal g-corner from (ft to (ft. It was shown in the proof of 
Proposition 4.6 of [JanlOb] that the boundary weight map defined by (I6.1j) induces a unital 
CP-flow of the form 

a a 
a* a 

where a is a hyper-maximal flow corner from a to a. The fact that the generalized boundary 
representation II t for satisfies (|6.2p is a direct consequence of the formula IT = ^(I+Awt) -1 • 
This proves the forward direction. 



(6.2) U t 











e 
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For the backward direction, let a be a hyper-maximal flow corner from a to a, and let G 
be the CP-flow 

a a 
a a 

Let oj be the boundary weight map and let lit be the generalized boundary representation for 
0. In the proof of Proposition 4.6 of [JanlOb] , it was shown that there exists a hyper-maximal 
g-corner 7 from (j) to (j) such that LTj is given by (16.2P for every t > 0. 

It remains to show that oj satisfies equation (16. If) and to establish that 7 is unique. For the 
former, observe that by Proposition 12.21] since 

> 7' 

is unital and (/-positive, the boundary weight map oj' defined by 

'A n A l2 \ = (</>(n u (An)) 7 (0,(A 12 )) N 
K A 21 A 22 ) p {j*(n u (A 21 )) ^{Q U {A 22 )) / 

induces a unital CP-flow 0'. By the forward direction of the theorem, its generalized boundary 
representation Ii' t satisfies (16.2p . Thus lit = n£ for all t > and it follows that = 0' and 
oj = oj', establishing (16. ip . 

We now show that 7 is unique. Suppose 7' : M n (C) — > M n (C) is another linear map such 
that 

'An A 12 \ _ ( </>(n u (A n )) 7'(tt u (A 12 )y 



^{a^ a 22 ) - p yw)*(n u (A 2l )) ^(^22)) 

for all p G M 2 „(C)* and (A^) G 2l(C 2n ® L 2 (0, 00)). It follows that 7' o fi„ = 7 o n„. Since 
fiiz is onto, we conclude that 7 = 7'. □ 

In light of the bijection between hyper-maximal flow corners from a to a and elements of 
Gfi ow {a d ) given by Theorem 12.81 we present an immediate corollary of Theorem 16.11 

Corollary 6.2. Let <f> : M n (C) — > M n (C) be a unital q-positive map, and let u be a type II 
Powers weight of the form 

u((I-A) 1 2B(I-A) k 2) = (f,Bf). 

Let a be the CP-flow induced by ((f), v). Then there is a bijection between hyper-maximal 
q-corners from <fi to <fi and elements of Gfi ow (a d ). 

The following result is a combination of Theorems 3.8 and 3.9 of [JanlOaj . 

Theorem 6.3. Let {fJ>i}f = i and {r»}* =1 be non-increasing sequences of strictly positive num- 
bers such that Yli=i^k = Y^i=i r i = 1- Define unital q-positive maps <j) '■ M n (C) — > M n (C) 
and ip : M n /(C) — > M n /(C) (where n > k and n' > k' ) by 

k k' 

(6.3) (f)(A) = (y~]fJtiOii)ln and ip(D) = f ^Vj(fejl n / 

1=1 ' i=l 

for all A = iflij) G M n (C) and D = (dij) G M n >(C). Let G Mfc(C) be the diagonal matrix 
such that VLjj = fj,j for j = 1, . . . , k. 

If there is a nonzero q-corner from <f> to ip, then k = k' and Hi = ri for all i = 1, . . . ,k. In 
that case, a linear map 7 : M njn /(C) — > M n>ri '(C) is a q-corner from (j) to ip if and only if: for 
some unitary V G Mf.(C) that commutes with Vt, some contraction E G M n ^ k y _ k (C) , and 
some A G C with [Aj 2 < Re(A), we have 

( B Kk W Kn ,_ k \ = A ~ / V 0^_ fc 

V Vn-fc,fe Y n-k,n'-k J \ ^n-k,k & 
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for all 

n Bk > k ^ n '~ k ) € M n>n ,(C). 

Wn—k,k * n—k,n' —k J 

A q-corner 7 : M n n f(C) — > M n y(C) from (ft to ip is hyper-maximal if and only if n = n' , 
< |A| 2 = Re(A), and E is unitary. 

Note that < |A| 2 = Re(A) if and only if A = where x G R. 

Definition 6.4. Let p G M n (C)* be a state with trace density matrix Q. Let U p denote the 
set of all unitaries U G M n (C) such that UQ, = ViU ' , and let U p /T denote the group obtained 
by the identification X ~ Y if and only if X = cY where c G C with |c| = 1. Let G p be the 
group 

G p = R x (U p /T) 

with the coordinate-wise product. Each element g G G p can be represented by a pair (x, X) G 
R x Up, and we denote this relationship by g = {x,X}. Using this notation, 

{x,X}-{y,Y} = {x + y,XY}. 

We record the following useful consequence of Theorem 16,31 

Theorem 6.5. Let 4> '■ M n (C) — > M n (C) be a rank one unital q-positive map, so (j>(A) = p(A)I 
for some state p with trace density matrix £1. Suppose that {x,X} G G p . Then the map 

^x } (A) = T ±-tr(X*An)X 

is a well-defined hyper-maximal q-corner from <f> to tp. Conversely, if 7 is a hyper-maximal 
q-corner from (p to (f>, then there exists {x,X} G G p such that 7 = 7{ Xi x}- 
Furthermore, if g,h G G p and "f g = ~fh, then g = h. 

Proof. We observe that if (x,X), (y,Y) G R x U p are two representatives for an element of 
G p , then x = y and X = cY for c G C with |c| = 1, hence J{ x ,x] = l{y,Y}- Therefore this is a 
well-defined map parametrized by an element of G p . 

There exists a unitary U G M„(C) such that Qjj = U*£IU is diagonal with nonzero non- 
increasing diagonal entries p,\, ■ ■ ■ for some k < n. Let us denote by pu{A) = tr(AQu), 
and let <fiu be the (^-positive unital map given by (j>u{A) = pu{A)I. By Proposition 4.5 of 
[JanlOb] and Remark 3.3 of [JanlOa:, we know that 7 is a hyper-maximal g-corner from <j) to 
<f> if and only if j(A) = Ua(U*AU)U* where a is a hyper-maximal g-corner from tfijj to 4>jj- 

Let Q G Mfc(C) be the diagonal matrix such that 0,j = pj for j = 1, . . . , k. A straightfor- 
ward calculation shows that a unitary matrix Z G M n (C) commutes with Slj/ if and only if it 
has the form 

V k>n - k 

On-k,k E 



Z 



where V G M/~(C) and E G M n _fc(C) are unitary matrices and V commutes with Q. Further- 
more, if 

A = ( n Bk > k ^n'-k ) eMniC ), 

\ ^n—k,k *n—k,n'—k J 

then tr(Z*A£lu) = ti(V* BQ). It follows from Theorem 16 . 31 that a is a hyper-maximal g-corner 
from (f>u to <t>u if and only if it has the form a (A) = T ^ s tr(Z*AQ u )Z for all A G M n (C), 
where x G R and Z G M n (C) is a unitary matrix that commutes with Qjj. Thus we have that 

7(A) = Ua{U*AU)U* = tr( Z* (U* AU)£lu)U ZU* = —^—tT(Z*U*AQU)UZU* 

l + ix 1 + ix 

1 tr(X*An)X = 1{XtX} (A) 



l + ix 
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where X = UZU*. It is clear that X commutes with Q since Z commutes with Qjj, hence 
(x,X) represents an element of G p . 

The uniqueness statement is clear, once one observes that since 7{ Xi x}(^4) is always a 
multiple of X, if 7{ Xj x} = l{y,Y} then X an d Y are unitaries which must be multiples of each 
other. □ 

Let 4>{A) = p(A)I where p G M n (C)* is a state, and let v be a type II Powers weight of 
the form v({I — K)^B(I — A)a) = (f,Bf). By Corollary 16.21 and Theorem 16.51 we have a 
bijection relating each element g G G p to a hyper-maximal g-corner 7 9 and its corresponding 
local unitary flow a d -cocycle which we denote by C g . Let g,h G G p . Since the product of 
local unitary flow cocycles is also a local unitary flow cocycle, it follows that C g ■ Ch = C s for 
some s G G p . We will prove that s = gh. The following simple lemma will prove useful in 
doing so. 

Lemma 6.6. Let i : M 3 (C) — > M 3 (M n (C)) be the natural inclusion given by \b(A)]ij = ciijl n . 
Let X, Y G M n (C) be unitary, and let V G M 3 (M n (C)) be the unitary matrix given by 

(Y 
V = I 
\0 XY , 

Then a linear map L : M^(M n (C)) —> Ms(C) is completely positive if and only if the map 
cf> : M 3 (M n (C)) -> M 3 (M n (C)) fifiuen 6y <f)(A) = Vi(L{A))V* is completely positive. 

Proof. It is clear that is completely positive if and only if i o L is completely positive. On 
the other hand, t is a ^isomorphism onto its range, therefore t o L is completely positive if 
and only if L is completely positive. □ 

Remark 6.7. We will use the lemma in the special case when L : Mz{M n (C)) — > M^(C) is 
of the form 

[L(A)]ij = iij(Aij), 
where £ij G M n (C)* for all i,j = 1,2,3. In this case, 

/ £ U (A U )I £i2(A 12 )Y £ 13 (A 13 )X* 
<P(A) = £ 2 i(A 21 )Y* £ 2 2{A 22 )I £ 23 (A 23 )Y*X* 
\ £ 31 (A 3l )X £ 32 (A 32 )XY £ 33 (A 33 )I 

We will also use the following lemma (which appears in |Wal03] and which is also a special 
case of Lemma 2.16 of |APP06j ). 

Lemma 6.8. Suppose K is a Hilbert space and T G M 3 (B{K)) has the form 

I Y X* 

T 




where X and Y are unitary. Then T is positive if and only if Z = XY . 

We are now ready to prove the main result of the section. 
Theorem 6.9. Let v be a type II Powers weight of the form 

K(/-A)iB(I-A)§) = (/,£/), 

and let cf) : M n (C) —> M n (C) be a unital rank one q-positive map, so for some state p we 
have 4>(A) = p(A)I for all A G M n (C). Let a d be the minimal flow dilation of the CP-flow a 
induced by the boundary weight double ((f), v). Then the map g i— > C g is an isomorphism from 
G p onto Gfi ow (a d ), thus G(a d ) ~RxG p . 
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Proof. Recall that since a d is type Ho, we have that G(a d ) is canonically isomorphic to 
K x Gfi ow (a d ) (for more details see the discussion following Definition I2.3() . Furthermore, it 
follows from Theorem 16.51 that the map g — > C g described in the statement of the current 
theorem is well-defined, injective and surjective. Thus, in order to complete the proof of the 
theorem it suffices to prove that it preserves multiplication. 

Let {x,X}, {y,Y} G G p be given, and let Q be the trace density matrix for p. Then 



1{x,x}(A) 



tr(XMfi) 



7{y,y}(A) 



tr(yMfi) 



Y 



1 + ix \y> J 1 + iy 

for all A G M n (C). For each S G M n (C), define t s G M n (C)* by t s {A) = ixiSSl^ASl 1 / 2 ), 
so that for example rj = p. Given A G M 3 „(C), we write A = (Ay) G M 3 (M„(C)). Let 
6 : M 3n (C) -+ M 3n (C) be the map 




0(All) 

7 { V } (A 21 ) 
7{:r,A+(A 3 l) 



7{y,y}(^12) 

0(A 22 ) 

l{x+y,XY}{A32) 



7{,,X}(^13) 
<A(^33) 



For each t > and A G M 3n (C), 

/ t 7 (A 



e(/ + te)- 1 (A) 



11, 



'y 



(A 



12 J 



l + t 

t y {A 2 i) 
l + t-iy' 



Y* 



1 + t + iy 

Tl(A 2 2 



-Y 



T X (A 



13 J 



l + t 



I 



l + t — ix 
T~Xy(A 2 3) 



-X* 



l + t 



zx — 



^(A 3 i) 



-X 



'xy 



(A 



.32; 



r/(A 



33, 



7 



/ 



\l + t + ix" 1 + t + ix + iy" l + t 

By Lemma 16.61 and Remark I6.7| is ^-positive if and only if the following maps Bt 
M3 n (C) — > M 3 (C) are completely positive for all t > 0: 



Bt(A) 



( rj (An) 
l + t 

tv(A 2 i) 
l + t-iy 

r* x (A 31 ) 



r Y (A 12 ) 
1 + t + iy 

rj(A 22 ) 
l + t 

Xy( A 32) 



t x {A 



13 J 



l + t 

Txy(A 23 



ix 



T 



l + t — ix — iy 
r/(A 33 ) 



\l + t + ix 1 + t + ix + iy 

Let Z = (Zij) G M 3 (M n (C)). We remark that if the matrix (Zji 
of the indices is not a mistake), then the map M 3 (M n (C)) 



l + t / 
is positive (the transposition 



M 3 (C) given by (A, 



(TZijiAij)) is completely positive. For more details, see the discussion preceding Lemma 2.17 
in |APP06] . Thus Bt is completely positive if 



1 



1+t+iy 



\ 1+t- 



Y* 
:X 



l+t-iy 

1 

1+t—ix—iy 

is a positive matrix. On the other hand, if 

'Y \ / 
r I I I and iV t 
XY 



Y 



1 



1+t+ix 



X* 



1 



XY 



1 

l+t 
1 



l+t+ix+iy 



1 



l+t+ij/ 
\ 1+t-ix 



l+t-iy 

l+t 
1 

1+t—ix—iy 



1+t+ix 
1 

l+t+ix+iy 
l+t 



then Mt = V*i{Nt)V (where 1 is the natural inclusion defined in Lemma l6.6p . Therefore, Mt 
is positive if and only Nt is positive. 
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To see that N t is positive, let Ai 
M 3 (C) -»• M 3 (C) by ' 



x—y \ 



x+2y 
3 ' 



1 + i(Xj - 

djk 



Afc) 



and A3 

it j <k 

if j = k 
if j > k 



-2x-y 



and define cr 



, 1 - i(Aj - Afc) 

for all A € M 3 (C). We have that a is (/-positive by Theorem 6.11 of [JanlOb] . so 

< ail + ta)- 1 [ 1 




N t . 



This shows that B t is completely positive for all t > 0, so is g-positive. Now observe that 
Q(I) = I, so by Proposition 12.211 the boundary weight double (0, v) induces a unital CP-flow 
(3 through the boundary weight map ui : £?(C 3n )* ->■ 2l(C 3n ® L 2 (0, 00)) below: 

/ 0(fi„(Aii)) 7{l , i y } (f2 I/ (A 12 )) 7*^(^13)) 

vy{ x ,x}(ttv(A 3 i)) -y{x+ y ,xY}(ttu(A 3 2)) 4>(P-u(A 33 )) 

By Theorem 16. 1\ each hyper-maximal g-corner from <fi to (j) is associated to a unique hyper- 
maximal flow corner from a to a. Thus, each of the hyper-maximal g-corners Ji x ,x}j 7{y,Y}> 
and J{ x +y,XY} is uniquely associated to its corresponding hyper-maximal flow corner from a 
to a, which we denote by cei Xj x\, and OL{ x +y,XY\- By Proposition [33J j3 is the positive 

3x3 matrix of flow corners (Definition 12 .6|) given by 



a 



P 



a 



{y,y} 



a {y,Y} 
a 

l {x,X} a {x+yXY} 

By Theorem 12.81 /3 corresponds to a unique positive 3x3 matrix C 
local flow a d -cocycles. It follows from the form of j3 that 



\Ot< 




(Cij) of contractive 



a 



C(t) 



{xX} 



(ty 



1 C{j/,Y}(0 

C {y,Y}( t )* 1 

C{a:,A}(*) C{ x+ y >X Y}(t) 

for all t > 0. Since CV^x}^) and Cr y> Y\(t) are unitaries and C(t) is positive, it follows from 



C{ x +yXY}{ty 
I 



Lemma 16.81 that C 



; {x+ y ,XY}(t) = C {XtX }(t)C {yX} {t) for all t > 0. 
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